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WAVE SCATTERING FROM A STEP CHANGE IN SURFACE 
TOPOGRAPHY 

BY DAVID M. BOORE, STEPHEN C. HARMSEN, AND SAM T. HARDING 

ABSTRACT 

Scattering of body waves to surface waves is a means for converting energy 
with essentially infinite horizontal wavelength to motion with short wavelengths. 
This process, of interest to engineers designing structures with large horizontal 
dimensions such as pipelines, tunnels, and bridges, has received little attention 
from seismologists. Finite~difference calculations have been performed for the 
simple case of vertically incident $V and P waves impinging on a step change in 
surface elevation. These calculations predict scattered Rayleigh waves with 
amplitudes as large as 0.4 times the amplitude of the surface motion of the 
incident waves in the absence of any topographic relief, even for incident 
wavelengths several times the height of the step. Both vertical and inclined 
steps are examined. 

INTRODUCTION 

The scattering of waves by imperfections in elasticity or by changes in the shapes 
of interfaces has been studied by many workers for a variety of reasons and by a 
number of methods. In this paper, we use finite-difference solutions to the wave 
equation to study the scattering of vertically incident P and S waves from a step 
change in surface topography. The motivation for this study comes from earthquake 
engineering, where there is concern that present design procedures may be inade- 
quate if the ground motion contains horizontal wavelengths comparable to the size 
of a structure. For most structures, waves of relatively high frequency (e.g., 10 Hz) 
traveling with low apparent horizontal velocities (less than 1 km/sec) are needed to 
produce wavelengths short enough to be of concern (less than or equal to 100 
meters). It is likely that such waves excited near the source will be insignificant 
because of scattering and anelastic energy absorption in traveling to the receiver. 

A possible way of obtaining short horizontal wavelengths of significant amplitude 
is by the scattering of high frequency body waves into energy traveling essentially 
horizontally (e.g., coupling into surface waves). Previous workers have considered 
scattering of body waves by slots and canyons (e.g., Ilan et al., 1979; Hudson and 
Boore, 1980) and by wedges of varying angle (e.g., Alterman and Loewenthal, 1970; 
Gangi and Wesson, 1978). This study differs from earlier work in that we have 
considered scattering of both P and S waves from a step change in surface topog- 
raphy (a slot or a mesa is made up of two steps of opposite sense); we also differ by 
concentrating on the scattered field and by considering the scattering in both the 
time and frequency domains. Although we were motivated by a problem in earth- 
quake engineering, our results are useful in studies of signal-generated noise (Key, 
1967, 1968; Greenfield, 1971) and in nondestructive materials testing (Bond, 1979). 
They also provide bench marks for comparison with laboratory experiments or 
approximate methods. 

METHOD 

A schematic representation of the problem is shown in Figure 1: a plane P or S 
wave propagates in a uniform, linear-elastic material (with Poisson's ratio of 0.22) 
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Fro. 1 (Top)  Vertical step. Tick marks indicate locations where time histories were taken, upper 
treks for P source, lower for S. The lower and upper corners are referred to elsewhere by the labels I and 
2, respectively The step was 17 and 29 grid spacings high for the inmdent S and P cases, respectively. 
(Bot tom)  Inclined step. Time histories for both P and S sources were taken at the tick marks The 
vertical offset of the step was equal to 17 grid spacings. 

TABLE 1 

R E F E R E N C E  T O  A L G O R I T H M S  

Par t  of Mode] Equahons  Used 

Interior points Alterman and Rotenberg (1969) 

Corner points Fuyuki and Matsttmoto (1980), 
equations (13), {14), (15)* 

Horizontal free surface Ilan et al. (1975). equations 
(4.11), (4.12) 

Vertmal free surface Ilan et al. {1975): equahon 
(4.12a) 

Inclined free surface Ilan et al. (1975): equation (11) 
and 

Ilan and Loewenthal (1976): 
equation (24) 

Side boundaries Reflection symmetry (for verti- 
cal incidence) 

Bottom boundary Absorbing condition, Clayton 
and Engquist {1977) 

Incident wave time-function 
(a) verhcal step: 
(b) inclined step: 

Boore (1972). equation (22) 
Ilan et al. (1979): equation (4) 

* The P source models, run before we were aware of Fuyuki and 
Matsumoto (1980), used equations (4.26)-(4.28) of Ilan et al. (1975), but  
required a fine mesh to avoid ringing near the  corner point. Fuyuki and 
Matsumoto's  difference equations for the corners are more accurate, 
and a fme mesh is not required to eliminate the rmging. 
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toward a free surface with a vertical or inclined step change in topography. We have 
chosen a 45°-angle of incline. The problem is one of plane strain. Although the 
computer program allows an arbitrary angle of incidence, we consider only vertical 
incidence in this paper. Other angles give a more complicated but equally strong 
scattered wave field. Standard finite-difference algorithms were used to propagate 
the waves (Table 1). The motions at a number of points along the free surface were 
stored for later analysis. Snapshot displays (e.g., Boore, 1972) were formed but 
added little to the analysis here and are not displayed. 

To emphasize the scattered waves, the motions that would have been recorded 
along a surface without any topographic relief (the reference motion) were sub- 
tracted from the compiled motions, and the resulting time series displayed in 
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FIG. 2. Vertical step, P mcldent: scattered field time histories. Time ]s m dimens]onless units, ct/h, 
where c = incident wave velocity, t = real time, and h = cliff height. Theoretical arrival times of 
important phases as plotted. Subscript refers to corner from which wave was scattered, superscript to 
scattering of incident (0) or reflected (1) wave. The reference motion is included in the rightmost vertical 
trace for comparisons. In this and subsequent figures, the cliff height and horizontal spacing between 
seismograms is to scale. As shown by circled numbers, innermost seismograms were recorded at verhces 
of step; the remaining traces were recorded at eqm-spaced intervals along the upper and lower horizontal 
surfaces. 
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conventional time-distance sections, with the time scale normalized by the time 
taken by the incident wave to traverse the step height. Spectra of the scattered 
field, normalized by the spectra of the reference motions, were plotted with an 
abscissa equal to the wavelength of the incident wave divided by step height (cT/h,  
where c = velocity of incident wave, T = period, h = step height). The algorithms 
were checked against the results in Bouchon (1973), who used a different method to 
calculate the motions on the flank of a hill produced by incident plane waves. The 
agreement was excellent. 

R E S U L T S  

Vertical step. Time series for incident P and S waves are shown in Figures 2 and 
3, respectively. The reference motion is shown, for comparison, in the rightmost 
trace. To facilitate comparison, all seismograms are plotted to the same scale, even 
though this means losing detail for some of the scattered field. Superposed on the 
time series are theoretical travel-time curves for waves scattered at the two corners 
of the step (1, 2) by the incident (0) or reflected (1) wave. The source duration was 
short enough to allow easy identification of the scattered waves. 
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FIG. 3. Vertical  step, S incident '  scat tered field t ime  histories,  with  t he  reference mot ion  added to the  
n g h t m o s t  ho r~on t a l  trace. See Figure 2 legend for addi t ional  details. 
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FIG 4. Amplitude of nayleigh wave at recording site llorInalized by P wave at corner, as a function 

of ang|e of incidence (Gangi and Wesson, 1978) and finlte-di~erence result for vertical incidence. 
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FIG. 6. Ra t ios  of spectral  ampl i tudes  for S i n o d e n t  on a vertical  step. 

Figure 2 shows that the bottom corner is the most efficient scatterer of P waves. 
On the lower shelf are two sets of scattered P and Rayleigh waves of about equal 
amplitude and opposite polarity, produced by the incident P wave and the P wave 
traveling back down after being reflected at the upper surface. The amplitude of the 
scattered Rayleigh wave on the lower shelf is similar to that found in a model 
experiment described by Gangi and Wesson (1978) in which they measured scatter- 
ing coefficients for P waves impinging at various angles of incidence on wedges of 
different angles (they cut wedges out of a circle of metal and put a transducer on the 
rim to generate P waves and a transducer on one of the wedge faces to record the 
scattered waves). They measured a scattering coefficient on the vertical component 
of 0.23, relative to the maximum P motion at the corner; we find a coefficient of 0.20 
(Figure 4). 

In contrast to scattering of incident P waves, the top corner is the most efficient 
scatterer for incident S waves (Figure 3). The scattering on the lower shelf from the 
lower corner is similar in character and amplitude to that from incident P waves, 
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F*6. 7. Inclined step, P incident: scattered field time histories, with the reference motion added to the 
rightmost vertical trace The small phase propagating to the left in the horizontal component, top 
seismograms is a numerical artifact from the r~ght edge of the model, it is also seen in Figure 8. See 
Figure 2 legend for adchtional details. 

but large amplitude Rayleigh waves, with an amplitude of about 0.45 of the reference 
wave, are scattered from the top corner. 

The spectra do not add much to what can be inferred from the time histories 
(Figures 5 and 6). They are broadband and therefore, the levels are similar to time- 
domain scattering coefficients; modulation effects due to interaction of various 
phases are present. The spectra and time series both have anomalously large 
motions that are restricted to the region near the corners. Perhaps the most 
important finding is that the scattered field has significant amplitude for wavelengths 
many times the height of the step. 

Inclined step. For incident P waves and an inclined step, the bottom corner is a 
less efficient scatterer than for the vertical step (compare Figures 7 and 2). The 
upper corner produces much larger surface waves traveling along the upper surface 
than for a step change in topography. Incident S waves produce scattered waves of 
similar amplitude for both inclined and vertical steps (Figure 8). 
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Fie.  8. Incl ined step, S incident: sca t te red  field t ime histories,  wi th  reference mot ion  added to t he  
r igh tmos t  horizontal  trace. T h e  phase  labeled P1,2 corresponds  to a P wave traveling from corner  1 to 
corner  2, t h e n  horizontal ly  away f rom corner  2 See Figure 2 legend for addi t ional  details. 

DISCUSSION 

It is easy to see qualitatively why the lower corner of the vertical step must act as 
a wave scatterer for vertically incident waves. Consider the vicinity of the lower 
corner: in the absence of any wave scattering, the motion in the interior (to the right 
of the step in Figure i) would be haft that on the lower shelf. This discontinuity in 
motion gives rise to the scattered waves (Gangi, 1967). The analysis for the upper 
corner is not as clear. The scattered waves depend on the relative amplitude, near 
the upper corner, of the motion along the vertical cliff face and nearby interior 
points. Why scattering from the upper corner produces large Rayleigh waves for an 
incident S wave but small ones for incident P waves is not clear. The relative 
increase in scattered Rayleigh waves along the upper shelf for incident P waves and 
the inclined step is undoubtedly produced in part by the reflection along the sloping 
surface of the incident wave into grazing angles. 

The amplitudes of the scattered waves, especially the scattered Rayleigh waves 
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along the upper shelf due to incident S waves, are not negligible and may have a 
critical bearing on design in some specialized situations (e.g., a power-generating 
station near a sea cliff). Results for other angles of incidence and the model 
experiments of Gangi and Wesson (1978) suggest that the amplitude of the scattered 
waves is a weak funct ion of angle a round  ver t ical  incidence.  
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